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Finite Linear Groups Having an 
Abelian Sylow Subgroup. II* 
HE~VRI’ S. LE~NAKD, JR. 
Let G be a finite group and let P be a Sylow p subgroup of G. In Refs. [3] 
and [7] the characters of G were investigated under the following condition: 
HYPOTHESIS 1. The centralizer of every nonidentity element of P is the 
centralizer C of P. 
This condition implies that P is an abelian trivial intersection (t.i.) set and 
that its normalizer ,V has a special structure. Our objective here is to extend 
the results of Ref. [3] and [7]. Our main result is Theorem 1. 
THEOKEM 1. Suppose G satisfies Hypothesis I and that A’/(.’ is abelian. 
If G has a faithful complex character S ?f degree less than ( P ~ l)i2, 
the?1 P u G. 
When KjC is abelian,Theorem 1 provides a generalization of [7, Theorem I] 
and of [3, (5E)]. If 1 P I = p then Hypothesis 1 is satisfied and NjC is 
abelian. Thus Theorem 1 also provides a generalization of a theorem of 
Brauer [2, Theorem 31, who obtained the result in this case. Our proof of 
Theorem 1 provides a new proof of Brauer’s theorem, except that it is con- 
venient to apply his results when 1 I’, 7 or 13. If P is abelian but not 
elementary abelian then [6, Theorem 4.21 is stronger than Theorem I, since 
the assumption that N/C be abelian was not made there. Recently Sibley [8] 
has improved [7, Theorem I] in the case that iV/C is not abelian. 
Theorem 1 will be derived as a simple consequence of Theorems 2 and 3. 
Because of the groups SL(2, I P I), the inequalities in the three theorems are 
sharp when iV/C is abelian. We let Z denote the center of G. 
* ‘lXis research was supported m part I>>- National Science I;oundation under 
Grant GP-9408. 
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‘THEOREM 2. Suppose G satisfies Hypothesis 1, that K/C is abeliau, and that 
c‘ -- % is a trivial intersection t.i. set. Suppose G has an irreducible comples 
character A such that A,,. is reducible and exactly one of the constituents of ~1,~ 
does not haze P in its kernel. Then A( I) 2; (~ P -- 1)/Z, and if this r.elation 
is equality then (N : C) =m (1 P ~ - 1),2, C.’ I’%, and A,. has exact<l* two 
constituettts. 
~HIJORI:M 3. Suppose G satisfies Hypothesis 1 and that G has an irreducible 
comp1e.v character A -/ 1 c; such that ~1,~ is irreducible. Then one qf the following 
must occur: 
(i) G has a norutal subgroup of index P ‘, 3’ C, and A( 1) em: I . 
(ii) G’ has a proper normal subgroup containing I’. 
(iii) (.Y : C) 1:: (~ P -- 1);‘2. 
(iv) I’C is non-abelian and (A- : C)z - (A’ : C) - 2 ~ P - 2. 
‘l’heorem 2 is a variation of [7, Theorem 21, while Theorem 3 is [7, Theorem 
31. and is stated again here for convenience. Most of the present work is 
directed trwards a proof of Theorem 2. Sections 1-3 provide the necessar) 
preparation, the principal lemmas being (2B) and (3A). In Sections 4 and 5 
we prow Theorems 2 and 1, respectively. 
Throughout this paper G is assumed to satisfy Hypothesis 1 and the 
notation introduced above is used. We denote the group of p’ elements ot 
C bv I.. 11.e shall frequently use the notation introduced in Ref. [7, Section 11. 
In particular, we denote (N : C) by 71 and ; P ~ 1)~ y. Except when otherwise 
specified, our use here of the notation defined there with respect to a fixed 
block II, of G will be for the first block B, of G. If H is a group, we denote b\. 
p,, the character of the regular representation of II. 
Throughout this section we shall consider groups satisfying 
HYPOTHESIS 2. Hypothesis 1 holds, C -- Z is a t.i. set, and G has an 
irreducible complex character L’I such that /lV is reducible and 
A(l) ,:: (y + 1)/2. 
According to Ref [7, Section I], /l must be an exceptional character of G. 
1Ve shall denote by (A#)” the unique irreducible character of ,\; whose kernel 
does not contain P and which is a constituent of /I),, . Here X is a linear non- 
principal character of P and Jr is an irreducible character of I-. We shall 
denote by B,,, the block to N hich 11 belongs, and w\:e use the subscript $ 
instead of i as an index for the numbers associated in Ref. [7, Section I] 
with the members of R,b . It follows from Ref. [7, (I .2)] and Hypothesis 2 
(cf. Ref. [7, Section 21) that 
where the X, are distinct irreducible characters of -\’ such that 1 ,,t’, II s, Ic 
If (xc c 3 1 ,,#) :-. .Y~(), then, according to Ref. [7, Section 11, h,, x, b,i,.~,L, . 
Furthermore. a,, 0 and c‘,~] h,, . \Ve sldI &mote h,,, 1)~ h. Akzcoi-ding to 
Hypothesis 2, 0 ‘..a 0, and 
(1.2) 
\Ye apply [7, (I .7)] to &, Multiplying that equation by n,,J , we obtain 
ll,,, ..:, (y’ L’ I)h. (I.41 
Equation (1.2) implies that (c/ ..- l)jIz, 2 for every i. so each block II, of 
full defect contains exceptional characters. Much of our method consists of 21 
further exploitation of the techniques of exceptional character theory. ClearI! 
.Y is the normalizer of C %. :In application of [4, (23. I)] yields immediately 
1,l:nnl.t (I B). Jf ( is a lirzear c-onstiturut of lliz , then $ anti its canjugatrs 
in .V are the onl_v ivrerluciblr charotters of 1’ whose vestrictiolzs to Z confain [. 
Proof. Suppose the statement is false, and let yCi be an irreducible character 
of Vnot conjugate to $ such that t C I/J, Z . Applying Lemma (IA), we have 
$/J,(l)(A$),~ - $q I)(X$/J,)‘~ y -= qJj( I)” -l- $( 1)“. 
Since (11, (A$)“) I, /I contributes c\;actly <bj( I)” to (I .S). 
(1.5) 
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Let A,, be the character of G exceptional for (A#j).v. Put 
(Aj, ) Ibj( l)(X$)G - 4’1( I)(h$,)“) n. 
Then according to [7, Lemma (lE)] all the esceptional characters in B, except 
A,, also satisfy this equation, and 
(41 , %,(l)(@y -- %(I)(@,)“) =- a -~ i(I) ci . 
Thus the (c! ~ 1)/n, exceptional characters in H, contribute 
y ~~ 1 ., ~ u- ~ 2atjql,( 1) 
‘1, 
JJ( I)’ 
to (I .5). Hence 
q’ 0’) - 2CZCji/J(1) 5< 0. 
/ 
Combining this with (I .2), \vvc’ have 
since II ; 11, . Therefore. if n ;i- 0 then n = E, I’-: I , ?z =m n, , 4( 1 )b I , 
and l/ -- I : 2n ~~~ 2n, . Thus if a f 0, then A,, contributes I : $(I)’ 
to (I .5). 
If u === 0 then .A,r contributes $I( l)2 to (1.5). I n either case it non- follow-s 
that all irredttcible characters of G other than A, A,,, , and Ai, must make zero 
contribution to (1.5). In particular this must be true of the nonexceptional 
characters in the block B, which contains A. n:e apply the results of 
[7, Section I] to B,,, . The result just stated says that 
%I( 1) e,,,ib 7 44 1) f,,!, 
for all 1~. Applying [7, (I .3) and (I .6)], \ve ha\-c 
since b, 0. Hence by [7, (1.3)] 
According to (1 .I ), a, = 0 so b : b, = c,~ Hence when (1.6) is compared 
with [7, (1.6) and (1.7)], the result is 
Simplifying this we have b 0, contrary to Hypothesis 2 and the definition 
of h. This contradiction shows that $, cannot exist, and the proof of 1,emma 
(1 ES) is complete. 
As a simple conscqucnce of (1 U) wc have 
Therefore x0 t) vanishes on I - Z. It follows that 4 Co ti vanishes outside 
% and has constant value (I’ : Z) on Z. Hence pVll: GE,, 8, and the proof 
is complete. 
The next lemma, an immediate consequence of (1.2) and (I C”). implies that 
‘I’heorem 2 is correct if q ~ I = 32. 
LEMhl:\ (II)). rfC/ ~~ 1 211 then i+b( I) 
From ( 1.2) and (I C) \ve obtain also 
1 , II Il,p ) h I, and I- = z. 
LEMMA (IE). If I.!% is nowzbelian th (y - 1),‘(2n) ‘$ #( 1) -- 1 2. 
Boof. Suppose c’:‘% is non-abelian. ‘l’hen (I c’) implies that J,( 1) .; 2 since 
p,,= is not a sum of linear characters. It follows from (I .2) that n+!~( 1) 2 :- : 
(q + l)/2. Therefore 2441) < (q - l),n, so 21/,(l) + 1 ..:i (q I)‘u, and 
( 1 E) is proved. 
Throughout this paper \ve shall let $r 1 V, Q!+ ,..., 4,; be a full set of 
irrcducihle characters of I-:Z no two of which are conjugate in :V. (‘This 
notation is consistent with that introduced in [7, Section I].) The next 
lemma is independent of most of our assumptions, but for conreniencc we 
express it in terms of our notation. I am indebted to my colleague Lindsey- for 
suggesting the consideration of this lemma in view of (1 II). 
LEMMA (1 F). IVe hare ~~.=, n/n, ‘I- 7z:n,,,  
Proof. Let K denote xt_, n/nj . Then A- is the number of irreducible 
characters of lr;Z, that is, the class number of VjZ. Let vi , %‘.L ,...~ zlA- lx 
chosen from 1? so that v,%, u,Z,..., v,% is a full set of representatives of the 
conjugacy classes of I’/Z. Then every element of IT is conjugate to some 
member of some coset V./Z. Let r/l”?, 1 ~z i -’ TZ/IZ~ , denote the distinct con- 
jugates of C/J relative to 1%‘. These conjugate characters +Ml are linearly inde- 
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pendent, but they agree on Z. Therefore the column of values (@‘~(v~z)) 
belonging to viz is a multiple of the column belonging to vj . It follows that 
the matrix 
has rank n,$ , so K >> n/lz$ . This proves (1 F). 
We conclude this section by obtaining in Lemmas (1 G), (lH), and (11) an 
analog of the last inequality in Ref. [7, Lemma (4E)]. 
LEMMA ( 1 G). [f I& is an irreducible chavactev of V/Z, then 
where y ranges over a system of representatives qf the ~~qht cosets of AT& in AT. 
Proof. Rewriting the expression on the left, we have 
-1pplping Lemma (1 C), we have 
LEMMA (1 H). If I/J! is an irreducible character of V/Z and x1 is an irreducible 
constituent of A,y zuhose kernel contains P, then 
U’e have the same result when weput xl(@)” in place of z,(h*).V. 
481/26/2-14 
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Proof. Rewriting this summation we have 
By definition of x,,,, , this ma!; he written 
because I-’ is in the kernel of I/J,X( ;c and is not in the kernels of the constituents 
of (X#)” ~ (. . We now have 
as is seen upon applying (I C). l’h e second statement also follows v&en vvc 
take complex conjugates in the equation just proved. 
LE~IMA (I I) Jf II,, is aa imxiucible rllaracter. of I.;‘i! with 41, I- 1 v , then 
where we hnae the first alternative in rnse I qf [7, Section 21 ad the second is 
case 2. 
If $i, : *I == 1 Fr, zw ohtailz 
nd, - I -/ 211 (1.8) 
Upon applying Lemmas (lG), (I H), and 17, (2.1) and (2.2)] we find that the 
expression on the right in (I .7) is at most 
But by definition, b :- b,( ~: XI b,,,x,,, , so (I .7) now follows. 
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\Ve obtain (1.8) in the same way by making the following additional 
observations. If $i = 1 “, then the expression on the right in (1G) is 1~ - 1. 
Furthermore, the application of [7, (2.2)] h s ows that in case I the sum of the 
multiplicities of the occurrences of the characters 
G4,h)“~ 1 s:j 5’ (q --~ l)i”Zl (‘I - 1)/U, 
in A,VA.V accounted for by the exceptional characters in B, , is at least 
((y --~~ I) f*,‘lZ ~ l ])((r/ - 1) a,.;/1 +E,). (1.9) 
Therefore, to complete the proof of (1.8), it suffices to show in cast I that 
(1.9) is at least (q -- 1) b,in - 1 and that h, ,.> 0. 
Suppose we have case 1 of [7, Section 21. If c1 = 0 then l 1 --I since we 
have case 1. If a, = 0 then according to [7, Lemma (1 E)] we may assume that 
tl ~- 1 since (q - 1)/n ;I 2. Thus in both of these cases the proof is complete, 
since b, =: n, mr c1 . If nlcl .,P 0 then again (I .9) is at least (4 - I) h,ln .-- I 
and h, :- 0, since (p -~~ 1)/n ‘. 2. This completes the proof of (1 I). 
In this section and the nest we use Lemma (1 I), which expresses a rclation- 
ship between A and the members of B, , to study complementary cases of 
coherence and noncoherence. For this purpose we assume throughout 
Sections 2 and 3 the following: 
HYPOTIIESIS 3. Hypothesis 2 holds and 1VjC is abelian. 
When .!V/C is abelian, our nest result is an improvement of an inequality 
implied by [7, (1.6)]. 
where we haze the first alternative i?z case I and the secord iu case 2. 
Pmf. 1Vhen i = j =ZJ 1, [7, (1.4)] must have positive terms. Hence, 
b 
for every irreducible character xl2 of X/C. Since XjC is abelian, summing 
over I we have the result. 
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As in Section 1 we let & 1 r , & ,..., 4,; be a full set of irreducible 
characters of I-/Z no two of which are conjugate in :\‘. 
The next lemma will be proved by means of inequalities resulting largel! 
from a combination of (1 I) and (2A). 
LEMMA (2B). If’ the family ((h,j2i(ii)*’ : i ‘-. i .: k, 1 :‘:j :, (q ~~ l);nij of 
irreducible characters of M is coherent, then either G has a pvopeF nounal snh- 
group containing P or y - 1 =-: 2s. 
Proof. Assume that the given family of characters is coherent and that the 
conclusion of (2B) is false. Th en in particular (y -- l);n 1; 3. If X,,, is ii 
nonexceptional character in the first block R, and -Y>,, f I, , then e,,,j .;/ 0 for 
some i, since otherwise the kernel of X,,, contains P. But the coherence of the 
given family of characters implies that erri, $,( 1) e,,,, Therefore e,,,i . 0. 
It follows that if -XI,< -F’ l(, and d,,,, ‘:> 0, then 
Combining ( 
JIdh _-. (d,,,, -?- e,,,,):? /‘,,,:I 
1.8)and (2.1) WC have 
(2-L) 
where we have the first alternative in case 1 of [7, Section 21, and the second in 
case 2. Since b, :.- 0 in case I, it follows from (2A) and (2.2) that 
)I& ~~ ] + 2b :: ?-:-!(,I - I). 2n 
Since n > n, and (‘1 - 1)/n ;; 3, we have 
-J/j I. 
t 
Y-- ’ __ - 
2n 
I) (n -- 1) ‘: (n - 1):2. (2.3) 
Since n 2 7~ and (4 - 1)/n -,’ 3, (2.3) and (1.4) yield 
‘b 
n -- 
: 2 ~ - I2 
> ((y’ - 1) 0 - 1).2. 
Therefore 1 > (~1:” - 5)b. It follows that yr!” < 6 and Q < 36, so 
q c: 32. 
Sow (1.4) implies that 
(2.4) 
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Therefore 36 < 7, so b < 2. Suppose b = 2. Then (2.3) implies that n < 9, 
and (2.5) yields qliz > 5 and n > 8. Then n = 9, and by (2.4), q = 19 since 
n ;(‘I - I). But ql:” > 5. This contradiction forces 
b = I. (2.6) 
Since (q - 1)/n 3 3, (2.3) implies I < niL < n << 5. Furthermore, com- 
bining the fact that (q - 1)/n > 3 with (1.3), we have 
From (2.3) we obtain 
4n ___ 
n --- 1 
211 i- I ,Yc q, (2.8) 
According to results of Brauer [1] (see also [9]), we may assume q is not 
prime. Otherwise we would have a, = b = 1 since (q - 1)/n > 2. If n, = 2 
then (2.7) implies that q = 7, a contradiction. If n* = 3 then (2.7) implies 
that q = 13, since nlL j(q - 1). If nt == 4 then (2.7) and (2.8) imply q : 13, a 
contradiction. If n, = 5 then (2.7) and (2.8) imply q m= 16. But then P 4 G, 
since G contains three classes of involutions [5, p. 3021. This completes the 
proof of (2B). 
It is possible to treat the cases n < 5 in the proof of (2B) by the methods 
of this paper instead of using Brauer’s results, but the calculations when 
% 4 are rather involved. 
3. THE CASE OF NON-COHERENCE 
In this section we continue assuming Hypothesis 3, and we obtain a 
complement of (2B). 
LEMMA (3A). 1f the family ((hij&)jv : 1 < i < h, 1 <j < (q - I)/ni} of 
irreducible characters of IL’ is not coherent, then G has a proper normal subgroup 
containing P. 
Proof. Assume that the given family of characters is not coherent. Since 
I m= $~i , & ,..., z/k is a full set of irreducible characters of l’/%, no two of 
which are conjugate in N, Lemma (1 C) implies that 
(3.1) 
378 LEONARD 
\Ve partition the given noncohercnt family of characters into k subsets, 
each subset consisting of the (y -- l)/ni characters belonging to a fixed 
character II,; We may assume the #i are numbered so that 
I == #,(I) 2; #s(l) ‘..I . . . t qJ$l). (3.2) 
According to (1 A) and [4, 31.21, th e noncoherence implies that for some I 
with 1 --c I .z k we have 
We shall take 1 to be minimal such that (3.3) holds. Let 
Combining (3.1), (3.2) and (3.3) we have 
But (I .2) implies that y - I ,- 2n#( 1). Hence 
Combining this with (3.4) and (1 F) we find that 
and therefore ‘-1 ‘P rl” - I. It follows that A4 == 1, I : 2, and 
(3.3) 
2441) 2: (‘I -- 1)/n for 2 5, i -< h. (3.5) 
Combining (3. I) and (3.5) we have 
To complete the proof of (3A) we assume G has no proper normal subgroup 
containing P, and we shall obtain a contradiction by applying (3.1) (3.5) 
(3.6) and results from Sections 1 and 2. If X,, is a nonesceptional character 
in the first block B, with X;, ~/ I r; , then for some i we have e,,,, ‘,-- 0, since the 
kernel of S,,, does not contain P. Then & e,,,i :PJ 0 if X,,, -;’ I G . 
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and in the first alternative, 6, > 0. According to (I .7), 
g $hi( l)(Tztz, + 26) > q 1 d,, t enri i- qG bl - ’ 
dl,,PO i=l 
I 
0. 
Furthermore, Eli=, e,,,; :--, 0 if X?,, f 1 G , and if e,,,, = 0 then (ll,,( =~f,,~~ . 
Hence (cf. (2.1)), 
since in the first alternative, b, > 0. Combining this with (2A) we obtain 
The noncoherence of the given characters of C/Z implies that these 
characters do not have the same degree. Hence V/Z is non-abelian, and (3.5) 
and (IE) imply #?(I) > (q - 1)/(2n) > $(I) for i > 1. Therefore (3.1) 
implies that 
Dividing by r/(l), we see that 
T bus 
(3.8) 
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Combining (3.7) and (3.8) we have 
; $(l)(n,, + 2b) > G (n - I). 
Applying ( I E) wc have 
;#(l)(n, $- 2b) > (#(I) + -&)(n - I) == #(l)(n - I) ~~~ “FL. 
Let c mm n/qL , Then 4bcq”(l) > -2$(l) -+ n - I, so 
(46r -I- 2) I)( 1) T,: II. 
According to (1.4), 
Therefore 
I1 
(2bc -’ 1) 2$(l) :’ (q1.‘2 - I)hc. 
(3.9) 
-\pplying (1 E) we obtain 
(26C + 1) (f+ - I) > (q”” - l)!bC. 
Therefore 
q~~(2bc+l)>lq”“!-I)hc ‘-1. (3. IO) 
Inequality (3.9) implies 
n(q’l” + 1) ’ (q -~ 1) br. 
Hence (3.10) yields 
1. 
This may be written 
+ (2h c + 1 - cw) .. 1 
Therefore 2bc + I - b2c2 > 1, and hence 2bc > b2c2. Then 2 ;z hc. Thus 
we have shown that 
2 ;- h/n, . (3.11) 
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Inequalities (3.1 l), (3.8), (3.5), and Lemma (1 E) now imply that 
Therefore Cf=, a/ni == 1, and consequently F-/Z has only two classes of 
conjugate elements. Consequently ~ V/Z I = 2, and &(l) = 1. But this 
contradicts the noncoherence of the given family of characters, and the 
proof of (3A) is complete. 
4. A PROOF OF THEOREM 2 
Suppose G and /l satisfy the hypotheses of Theorem 2. In proving the 
theorem we may assume that it is true of groups of smaller order. Also we may 
assume that A(l) < (y + 1)/2. 
Suppose G has a proper normal subgroup H containing P. Since the con- 
stituents of fl, are conjugates in G, H and the constituents of fl, satisfy the 
hypotheses and the conclusion of the theorem. Therefore each constituent of 
/l, has degree > (9 + 1)/2. Hence /l, is irreducible and /l(l) = (4 $ 1)/2. 
The induction hypothesis implies that (N n H : C n H) = (q - 1)/2. 
Therefore n = (N : C) = (q - 1)/2, since (1.2) implies that n < (q - 1)/2. 
An application of (1 D) completes the proof of the theorem in this case. Thus 
we may assume that G has no proper normal subgroup containing P. 
Since Hypothesis 3 holds, (2B) and (3A) imply that q - 1 =_ 2n. It follows 
from (ID) that /l( 1) = (q + 1)/2 and that the other parts of the conclusion 
of Theorem 2 are true. This completes the proof of Theorem 2. 
5. rZ PROOF OF THEOREM 1 
Suppose G and S satisfy the hypotheses of Theorem 1. In proving the 
theorem we may assume that it is true of groups of smaller order. 
Suppose that C - Z is not a t.i. set. By Hypothesis 1, P is a t.i. set, and 
therefore there exists an element z: E V - Z such that C,(U) contains two 
distinct conjugates of P. But C,(v) is a proper subgroup of G containing P. 
Therefore our induction hypothesis implies that P Q C&F). This contra- 
diction shows that we may assume that C - Z is a t.i. set. 
Because of our induction hypothesis we may assume that G has no proper 
normal subgroups containing P. It follows from [7, Lemma (lE)] that every 
constituent of X is either I G or an exceptional character of the kind confsidered 
in Theorems 2 or 3. Theorem 2 implies that for each exceptional constituent 
382 LEONARD 
A, A, is irreducible. Hence Theorem 3 implies that all the constituents of S 
are linear, since otherwise X7( I) > n -;- (q ---- 1)/2. Therefore G is abelian, 
and in particular P u G. This completes the proof of Theorem I. 
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